Abstract. It is known that Moufang loops are closely related to groups as they have many properties in common. For instance, they both have an inverse for each element and satisfy Lagrange's theorem. In this paper, we study the properties of a class of Moufang loops which are not groups, but all their proper subloops and proper quotient loops are groups.
Introduction
A group can be alternatively defined as an associative quasigroup-a binary system equipped with divisibility. If a quasigroup further contains an identity element, then it is called a loop. One of the most intensively studied varieties of loops is Moufang loops-loops that satisfy the Moufang identity xy Á zx ¼ ðx Á yzÞx.
Moufang loops are closer to groups than general loops and they share many common properties, e.g., the inverse property [2] . In 2005, Grishkov and Zavarnitsine [8] showed that Moufang loops satisfy Lagrange's theorem, a long-speculated conjecture in Moufang loop theory. Another important theorem is Moufang's theorem [14] : (i) Any associative triplets generate a group, (ii) Any two elements generate a group (diassociativity).
However, Moufang loops are not groups in general. The smallest Moufang loop which is not a group, was constructed in 1971 by Chein and Pflugfelder [5] : a nonassociative Moufang loop of order 12. Besides that, classes of non-associative Moufang loops of the following orders were discovered: (i) 2m provided there exists a non-abelian group of order m [3] , (ii) 3 4 [1], (iii) p 5 where p is a prime greater than 3 [18] , and (iv) pq 3 where p and q are odd primes satisfying q 1 1 ðmod pÞ [16] .
Simultaneously, moving in the opposite direction (that is, by proving that all Moufang loops of certain fixed orders are groups), Chein [3] showed that all Moufang loops of orders p, p 2 , p 3 and pq (p, q primes) are groups. Following that, various authors (Purtill, Leong, Rajah, Chee) have studied Moufang loops of higher orders. The results below summarize their works.
Even case: All Moufang loops of order 2m are groups if and only if all groups of order m are abelian [6] .
Odd case: For odd primes p 1 < Á Á Á < p m < q < r 1 < Á Á Á < r n , all Moufang loops of the following orders are groups: It is known that a non-associative Moufang loop L of order mn (m, n integers) can be constructed by using the direct product of a non-associative Moufang loop of order m and a group of order n. So, to classify all non-associative Moufang loops of order mn, it su‰ces to consider those cases where L is not a direct product of a non-associative Moufang loop and a group. We believe the class of minimally nonassociative Moufang loops will be useful in obtaining classification results. Hence, in this paper, we single out this type of Moufang loop for study, and obtain some properties of these loops.
Definitions and notations
Before we begin our discussion, we fix some basic definitions and notations that are needed in the subsequent sections. For a comprehensive description of loop theory, we refer the reader to [2] and [15] . (ii) for any x; y A L, there exist unique elements a; b A L such that xa ¼ y and bx ¼ y.
Next, we define normal subloops, an analogue of normal subgroups. Since loops are generally not associative, more conditions need to be added so that the binary operation on the quotient loop is well-defined.
where zL x ¼ xz and zR x ¼ zx are left-and right-multiplications respectively.
Then I ðLÞ ¼ hTðxÞ; Lðx; yÞ; Rðx; yÞ j x; y A Li is called the inner mapping group of L. Remark 2.4.
(ii) Minimal and maximal normal subloops follow the standard definitions in group theory.
Definition 2.5. The commutator of two elements x, y in a loop L is the unique element ½x; y in L such that xy ¼ ðyxÞ½x; y. The commutator subloop of L, denoted by L c , is the subloop generated by all the commutators in L.
Just as the commutator measures the degree of non-commutativity, the associator measures the degree of non-associativity of an algebraic structure. (i) A positive integer n is a p-number if every prime divisor of n lies in p.
(ii) K is a p-loop if the order of every element of K is a p-number.
(iii) K is a Hall p-subloop of L if K is a p-loop and jKj is the largest p-number that divides jLj.
Finally, we are ready to define minimally non-associative Moufang loops-the central theme of this paper. The term ''minimally non-associative Moufang loops'' was originally introduced by Chein and Goodaire in [4] . However, they defined minimally non-associative Moufang loops as Moufang loops that are not groups but all proper subloops are groups. In this paper, we impose the additional condition ''all proper quotient loops are groups'' to obtain some extra results. 
Results on associator subloops
In this section, we prove some results which are related to the associator subloop of a minimally non-associative Moufang loop. Before we proceed to the new results, we need a few lemmas. (i) L a t K where K is any non-trivial normal subloop of L,
(ii) If jLj is odd, then L a is the unique minimal normal subloop of L, and an elementary abelian group. Moreover, ðL a ; L a ; LÞ ¼ f1g.
Proof. Since K is non-trivial, L=K is a proper quotient loop of L. This implies that L=K must be a group by the minimally non-associative property of L. Then 
Hence
as ðL a ; L a ; LÞ ¼ f1g by Theorem 3:3ðiiÞ
as L a is abelian by Theorem 3:3ðiiÞ: (ii) ððk; w; lÞ½k; w; w; lÞ ¼ 1. 
by Lemma 3:1ðiiiÞ
Since jLj is odd, the mapping x 7 ! x 2 is a bijection.
Thus, by comparing this with (2), we have By cancellation, we get ðu À1 k 0 u; w; lÞ ¼ 1. 
So L is a group, contrary to assumption. Therefore ðjL a j; jHjÞ 0 1. r
Results on associator subloops and nuclei
This section covers some results on the associator subloop and nucleus of a minimally non-associative Moufang loop. Some of the results can be generalized to arbitrary non-associative Moufang loops. Hence L is a group, which is a contradiction. Thus the result follows. r Proof. Suppose K J N. Given K is a Hall subloop of L. By Lemma 3.2(ii), there exists a Hall subloop H of order jLj=jKj in L. Now we consider hH; Ki, a subloop generated by H and K. By Lagrange's theorem, jHj and jKj divide jhH; Kij. Since ðjHj; jKjÞ ¼ 1, Since L is not a group, L a 0 f1g, which implies jL a j 0 1. Thus Proof. The proof of necessity is trivial.
Su‰ciency: Suppose L a 0 N. By Theorem 3.3 (ii), L a t L which implies that L a t N. By Lemma 3.2(ii), there exists a Hall subloop H of order jN=L a j in N. H must be non-trivial since jHj 0 1. Now jHL a j ¼ jHj jL a j jH V L a j ¼ jHj jL a j ¼ jNj:
Therefore N ¼ HL a . Take h A H and n A N. We can write n ¼ h 1 k for some h 1 A H and k A L a . So 2) As mentioned in the Introduction (Section 1), we wish to apply results in this paper to any non-associative Moufang loop which is not a direct product of a nonassociative Moufang loop and a group.
